We investigate the two-phase flow in a horizontally placed Y-shaped tube with different Young's angle and width in each branch. By using a quasistatic approach, we can determine the specific contact position and the equilibrium contact angle of fluid in each branch based on the minimization problem of the free energy of the system. The wettability condition and the width of the two branches play important roles in the distribution of fluid in each branch. We also consider the effect of gravity. Some fluid in the upper branch will be pulled down due to the competition of the surface energy and the gravitational energy. The result provides some insights on the theory of two-phase flow in porous media. In particular, it highlights that the inhomogeneous wettability distribution affects the direction of the fluid penetrating a given porous medium domain. It also sheds light on the current debate whether relative permeability may be considered as a full tensor rather than a scalar.
Introduction
The dynamic behavior of a two-phase system is a subject that has been under extensive investigation because of its theoretical and practical importance. Several approaches exist including but not limited to the Level Set Method [1] [2] [3] , Lattice Boltzmann Method [4] [5] [6] [7] , and the Phase Field Method [8] [9] [10] . We are, particularly, interested in studying the flow of a two-phase system involving moving contact line. This system exists in many engineering applications including flow of oil in the subsurface and in pipelines. Although, the flow of oil systems at a pore scale in subsurface and in pipelines are essentially the same (albeit different velocity scales), at a porous media scale they are completely different. That is, pore scale simulation is formidably difficult for length scales relevant to subsurface reservoirs. This necessitates the search for another framework, probably coarse in nature, within which multi-phase flow in porous media may be described. In porous media flow and transport, the governing equations that are practically in use up to now are based on Darcy's experimental findings. Even though in the last few decades there have been several approaches to derive Darcy's law from the basic principles (e.g., theory of volume averaging, theory of homogenization, theory of mixtures), they all produced equations that are generally complex and unclosed which make them difficult to solve [11, 12] . Therefore there have been a lot of motivations among researchers to adapt Darcy's framework in application-based problems. Although this approach generally works, in a sense, it needs to be revisited several times to enlarge its domain of validity when encountering new phenomena. It is revolutionary that all the complexities of flow resistances along the complex tortuous solid-fluid interface of real porous medium is accounted for in the upscaled description of Darcy by only one scalar parameter (permeability). However, it is exactly this parameter that triggered researchers to revisit Darcy's law when they realized that in some porous media, permeability in one direction could be different than that in other directions. This apparently suggests that permeability is no longer a simple scalar quantity; rather it is a second-order tensor which maps the pressure gradient vector to the flux vector. Likewise, multi-phase flow in porous media has been another thing which demanded that researchers revisit Darcy's law one more time. Multiphase flow in porous media is much more complicated than that of single flow because several interacting phenomena occur. These include the complex interface movement, capillarity effects, the affinity of fluids to the surface (i.e., wettability effects), and many others. Again researchers' insight suggests two things: an effect on the resistance to the phases and an effect due to curvature of the interface. The first effect has been incorporated into velocity calculations through a scalar multiplicative parameter called relative permeability that has been proposed to be a function of saturation. And the second has been arisen as an additional driving force due to gradient in capillary pressure which has also been assumed as a function of saturation. Apparently, such functional dependence on saturation of both relative permeability and capillary pressure hinders several other factors that may have significant effects on the correct formulation of multi-phase systems in porous media. This lays concerns on the correct formulation of both relative permeability and capillary pressure. For example, there have been recently concerns among researchers whether relative permeability could bear directional dependence and in this case can it be, likewise, considered as a full tensor rather than a mere scalar quantity. Furthermore, the effect of wettability has not been explicitly incorporated into capillary pressure-saturation relationship or relative permeability-saturation relationship which implies that different wettability scenarios would require different capillary pressure-saturation relationships which are apparently cumbersome. It is believed that a simple pore scale simulation may provide clues on the behavior of multiphase system subject to different wettability conditions.
Czachor [13] discussed the effect of pore structure and wetting angles on capillary rise in soils having different wettability conditions. He modeled the capillary rise in axis symmetrical sinusoidal capillary. Liou et al. derived a model equation for the time-dependent rise of the capillary interface by using an approximated three-dimensional flow velocity profiles [14] . Mehrabian et al. [15] have done some numerical simulations of wicking flow through a vertically placed Y-shaped tube based on a system of Stokes and Cahn-Hilliard equations solved by finite elements with adaptive meshing. In the present work we try to highlight that wettability condition and relative width of tube could have significant impact on the direction in which a two-phase system will move. We would like to highlight in this research that a two-phase system can divide differently among two identical Y-shaped tubes as a result solely of wettability conditions. At a porous media scale, this implies, for example, that even though the saturation in a given porous medium domain could be homogeneous, yet the two-phase system will move differently under the influence of wettability conditions. To consider more general scenario, we also deal with the case when the two branches are of different width. Since our focus in this research is to show that fluid can move differently based on the wettability conditions, a quasistatic study may suffice. In this work, flow divided among a horizontally placed tube with two branches having different width and wettability conditions is investigated with and without gravity.
Problem
The well-regarded Young's equation [16] gives the following relation
where γ SL , γ LG and γ SG are solid-liquid, liquid-gas and solid-gas surface tensions respectively. It defines the balance of forces caused by a wet drop on a flat and chemically homogeneous dry surface. The droplet will form a spherical cap with Young's contact angle θ e defined above (see Fig. 1 ). This shape corresponds to the unique minimizer of the free energy of the system by neglecting gravity when the capillary length is much larger than the size of the droplet. For a channel flow, the Young's contact angle can be defined in a similar way.
Consider a two-phase flow in a horizontally placed Y-shaped tube which has three parts shown in Fig. 2 . The left part has Young's contact angle δ ≤ π 2 , with length L, width 4d. The upper (or lower) right part has Young's contact angle α (or β) and width 2ad (or 2bd) with assumption π 2 < α < β (where a + b = 2). We consider the case δ = π 2 in the following calculation. For δ < π 2 , the difference is only a pinning process [17, 18] as the contact angle increases from δ to π 2 . The angle of inclination of the Y branches is φ. Without gravity, the equilibrium of the interface should be a curve of constant mean curvature in which case it is exactly a circular arc or a line segment. We want to determine the specific contact point position and the equilibrium contact angle of fluid in each branch for a given volume of fluid. Mathematically it is a minimization Fixed volume of fluid (S).
Moreover we are interested in the effect of gravity and how the Young's angle and width of the branches affect the distribution of fluid in the tube.
Without gravity

The case φ = 0
We first discuss the case φ = 0 which is shown in Fig. 3 . In order to determine the configuration of interface of the system, we need to minimize the free energy subject to a given volume of liquid. We then increase the volume gradually to study the interface movement. This is the meaning of ''quasistatic''. The volume of liquid is denoted by S. Assume that the contact angle of liquid in the upper (or lower) right tube is θ α (or θ β ). The liquid is filled in the α (or β) branch with length
x α (or x β ). Then S can be expressed as
The normalized volume
The rate of contribution of each variable to the normalized volume is
The free energy of the system of two-phase flow is
where C is a constant. Recall the Young's equation (2.1), the normalized energy
The rate of contribution of each variable to the normalized free energy is
Now the contribution of the free energy of unit volume coming from each variable is
Comparing the contribution to the free energy from each variable,
1+cos β/ cos α ⇔ a b > cos α cos β , the liquid favors α branch because of its lower free energy per unit volume. There exists a critical volume
The case φ > 0
First of all, we assume that both contact points are in α and β branches, i.e. x α , x β ≥ 0 (see Fig. 4 ). With the similar argument, the volume of liquid is The free energy of the system of two-phase flow is
Then the normalized energy is defined as
Following the same procedure as the case φ = 0, the rate of contribution of each variable to the normalized volume is
The contribution of the free energy of unit volume coming from each variable is .
Later we will see that the case φ > 0 is a little bit different with the case φ = 0. This is because there exists a right triangle before the contact points are both in the α or β branch.
We could assume first that there is only one branch with Young's angle α shown in Fig. 5 . Denote ̸ BAD = ω, the angle of inclination ̸ DOE = φ, and the tangential angle ̸ BAC = ψ. The volume of extra fluid filling in the α branch is
 . The extra free energy is The rate of change of normalized volume for each variable is
The rate of change of normalized free energy for each variable is ∂e ∂ω = −ψ cos ω − cos α sin ψ sin ψ sin 2 ω ,
The contribution of the free energy of unit volume coming from each variable is
Equate these two terms, In other words, the contact angle is equal to the Young's contact angle by minimizing the free energy. We still need to discuss the range of normalized volume.
For s > s 1 = s(π /2, α − π /2), both the contact points move into the α branch. ω = π /2, ψ = α − π /2, the contact angle of the minimizer of the free energy is exactly the Young's angle π − (ω − ψ) = α. This is the case we discussed in Fig. 4 with x α > 0.
(a) If φ + π /2 > α, for s ≤ s 0 = s(π − α, 0), the interface favors a line segment. In this case, ψ = 0, and ω is determined by the volume constraint ω = arccot(tan φ − 0.5s). For s 0 < s ≤ s 1 , the contact angle is π − ω + ψ = α. Combining the volume constraint, one could determine the two angles ω, ψ. Now we consider two branches with Young's angles α, β. With normalized volume s of the extra liquid, one could partition this volume into two parts, say s = a 2 s α + b 2 s β . Then for each partition, there is a minimizer for each branch and minimum free energy ae α , be β . The minimizer of the whole system corresponds to the partition with the minimum total free energy e = ae α + be β . Fig. 6 shows the normalized free energy curve for α = 110 • , β = 120 • , φ = 20 • , a = b = 1.
The following arguments are based on equal width. For two branches with different width, the computation is similar.
In Table 1 , α = 110 • , φ = 10 • , which is the case φ + π /2 < α < β.
(a) For s ≤ s c1 = 2s(π /2 − φ, α − π /2), the minimizer is
and ψ is determined by the volume constraint Eq. (3.10). This means that for small volume s, the contact points maintain at the junction of both α and β branches. (b) For s c1 < s ≤ s c2 , the lower contact point in α branch moves while contact points in β branch still maintain at the junction, i.e. ω β = π /2 − φ. 
which means the contact points and interface profile in β branch are fixed and the extra liquid fills in the α branch with shift of contact points in α branch. As we can see in Table 1 , the critical volume s c is decreasing with the increase of β.
It agrees with intuition. The larger Young's angle β than α, the more difficult the liquid fills in the β branch. Moreover there is a critical value β 0 such that the contact points maintain at the junction in β branch for β > β 0 . In Table 1 , β 0 = 120.32 • , ψ β = 20.32 • . In Table 3 , α = 120 • , φ = 10 • , β 0 = 130.48 • , ψ β = 30.48 • .
In Table 2 , α = 110 • , φ = 20 • , which is the case φ + π /2 = α < β. For s > 0, the lower contact point in α branch moves in the very beginning, while the contact points in β branch maintain at the junction for s ≤ s c2 . For s > s c2 , there are two steps which are the same as above. In Table 4 
(a) If β ∈ (110 • , 120 • ), for s ≤ s c1 = s(π − α, 0) + s(π − β, 0), the interface in both α and β branches is a line segment, ψ α = ψ β = 0. For s > s c , it is the same as above. (b) If β ∈ (120 • , 180 • ), for s ≤ s c1 = s(π − α, 0), the interface in α branch is a line segment, there is no liquid in β branch.
For s c1 < s ≤ s c2 , the contact points in β branch maintain at the junction until ψ β = β − (φ + π /2). For s c2 < s ≤ s c , the upper contact point in β branch starts to move. For s > s c , it is the same as above. (c) If β = φ + π /2 = 120 • , for s ≤ s c1 = s(π − α, 0), it is the same as case (b). For s c1 < s ≤ s c , the upper contact point in β branch starts to move. For s > s c , it is the same as above.
The effect of gravity
We now take into account the effect of gravity. In this case, we need to add the gravitational potential energy to the free energy of the system. We first consider the case φ = 0. Return to Fig. 3 , the gravity will certainly change the profile of the interface. It will not be a circular arc or a line segment rigorously. However when the width of tube is much less than the capillary length of the liquid which is defined as l c =  γ ρg , where ρ and g are density of fluid and gravitational acceleration respectively, the interface is very close to a circular arc or a line segment. And it may also affect the position of the contact points slightly. There is a competition between the decrease of gravitational potential energy and the increase of the surface energy if a certain volume of liquid in α branch fills in β branch.
Suppose the fluid favors α branch without gravity such that cos α a > cos β b , and a section of liquid with length δl from α branch runs into β branch, the increase of free energy of the system is
The first term of the right hand side in Eq. (4.1) is due to the increase of surface energy and the second term is due to the decrease of gravitational energy. Therefore
, the extra liquid maintains in α branch totally i.e. x β = 0.
, the extra liquid favors β branch in order to lower the gravitational potential energy i.e.
x α = 0.
Next we discuss the case φ > 0. In Fig. 4 , denote 2l = ax α + bx β , fixed for a given volume. Assume a section of liquid with length δl from α branch runs into β branch, the increase of total free energy by the small perturbation of x α is , ξ > 0 for small l, the extra liquid favors α branch. When the volume of extra liquid increases to some extent, in which case l increases at the same time, ξ max > 0, ξ min < 0. By solving the equation ξ (x α , l) = 0, we may find the pair (x * α , x * β ) for the minimum free energy. There is a section of liquid with length x * α (or x * β ) in α (or β) branch. When the volume is even larger such that ξ max < 0, then extra liquid favors β branch.
Conclusion
We investigate the free energy of the two-phase system and solve the minimization problem with the volume of fluid fixed each time. Increasing the volume gradually, we find the specific interface profile and the contact point position, especially how the interface breaks into two parts and how the fluid redistributes into the two branches. By adding the gravitational energy, there is a competition between the increase of surface energy and the decrease of the gravitational energy. Some liquid may be pulled down from the upper branch to the lower branch due to the dominant decrease of the gravitational energy. The relative width and Young's contact angles play significant roles in the interface movement in each branch. This research highlights the role the wettability conditions play on the flow of two-phase system at a pore scale. In particular, it shows that a two-phase system will divide unequally among a Y-shaped tube with two identical branches only as a result of wettability conditions. This shows that, at a porous media scale, wettability should be considered into the functional relationship of relative permeability. It also sheds light on the debate about whether relative permeability may indeed be considered as a full second-order tensor rather than a mere scalar quantity.
